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Abstract. A general branching process begins with a single individual born at time t = 0. At ran- 
dom ages during its random lifespan L it gives birth to offspring, N(t) being the number born in 
the age interval [0, t] . Each offspring behaves as a probabilistically independent copy of the in- 
itial individual. Let Z(t) be the population at time t, and let N = N(m). Theorem: If a general 
branching process is critical, i.e. E {N}= 1, and if o2 = E (N(N- 1)) < ~0, 0 < a = lz tdE {N(t)], 
and as t + - both t2(1-E@(t)}) -+ 0 and t’P[L > t] -+ 0, then tP[Z(t; > 0] + 2u/02 ast+=x 
AMS Subj. Class.: Primary 60580; Secondary 6OF99 
Lsses extinction pT/ 
1. Introduction and nmotation 
In [ 31, Crump and Mode introduced a general branching process that 
serves as a stochastic model of a reproducing population. It starts tith 
a single individual born at time f = 0. Each individual I appe:aring in the 
population lives a random length of time L,, and at random ages fl’), 
t(2) 
I , . . . gives birth *b s offspring that behave in a similar fashion, but in- 
dependently of all the ather individuals. N,(x), the: number of offspring 
born to I in the age interval [0,x], is determined by randomly stopping 
an arbitrary counting process K,(t) at t = L,. The pairs ( K,(e), LI) are 
assumed to be independent and identically distribute for different .k 
but L, is not required to be independent of K’(e). 
Let 
304 JM. ffolte, General brunching processes 
Z(t) = population size at time t , 
: 
J = number of individuals in the nth generation ,
ii = E(S1) , 
< 
02 = var(fl ) 9 
h(s) = E{& } . 
When I is the initial individual, the subscript I will Se omitted from the 
above notations. Note that 15, ) is a Galton-Watson process, N = c1 
and IB = E{N} = F(=). 
When m = F(m) = 1, the general branching process is called critic&Z. 
Note that in this case F is a probability distribution on [ 0,~). 
eorwn. Assume that F(m) = 1,02 < *, aitd that 
C<a= i tdF(t) 9 
0 
t2 [l-F(t)] +O as t+*, 
t2 [l-G(t)] + 0 as t+=. 
(2) 
(3 
Then 
This theorem. was proved by Jagers [ 61 under the additiona! hypoth- 
esis that for some constant c, 
1-G(t)lc[l-F(t)] , tZ 0. 
Thz purpose of this paper is to show that this hypothesis mav be re- ‘ 
moved. Lemma 3 is the result that accom 
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Prior to Jagers, the.theorem had been proved by Durham [4] with 
(2) replaced by 
t-,=+ 
{(N)3 --(N(t))3 } = 0 , 
where (MS = N(N- 1)(N--2). For the ordinary age-dependent branch- 
ing process (for which F(i) = G(t) in the critical case), it was proved by 
Chover and Ney [ 21, and by Goldstein [ 51. 
3. Roof of the theorem 
The proof of the theorern is gotten by suitably modifying the proof 
of [ 5, Theorem (1. l)] . The important steps are stated in the following 
lemmas. The first lemma is due to Jagers [ 61. 
Let 
q(t) = P[Z(t) S O] 5 4n = P[S, = 0] $0 
Let * denote convolution. Let F*o be the distribution which put:5 mass 
1 at t = 0, and let 
F *n f 1 (t) =j+ F*n(t-y)dF(y), n 2 0. 
O- 
Lemma 1. For n = 1,2,3, .,. and t > 0, 
-F’n(t) 5 4n - 4(t) 5 [ 1 - G(-)] e nj$ F*j(t) . 
j=O 
The next lemma [ 5, Lemma (1.12)] is a corokry of [ 1, Theorem 41. 
Lemma 2. If F is a probability distribution on [ 0, ~0) such that 
0 < a = J t W(t), 
0 
t2[1-F(t)]+0 as+=, 
andifO<e< 1,then: 
Izl) If n = [(l + e)t/u], then lim,,, tE*“(t) = 0. 
(M If n = [ (1 - c)t/a] , then lim,, oQ t (1 -F’“(t)) = 0. 
ote. Here [x] denotes the greatest integer <, x. 
ma 3. Suppose F and G we probhbihty distributions on [ 0, w), 
O<a= i tdF(t), 
0 
t2 [l-F(t)] --, 0 as t-, 00, 
t2[ l-G(t)] --p 0 as t + 00. 
Suppose 0 < e < 1. Then if n = [(t/@(l-E)], then 
n-l 
t[l-G(e)] * c Pi(t)+ 0 ast+ooe 
j3(3 
Proof. Let 
1-E 
k a=l_te, T= a. 
Then F’(r) < 1 and 0 < at < t-i- < t fox sufficiently large t. Write 
[l--G(e)] * ‘-- ’ P)(t) = ‘:’ f [ 1-G(t-y)] W*](y) 
j=O j=:O o_ 
n-b t--7+ n--l t+ 
+ jg J 
t-7+ 
=s, +s, +s, . 
n-l cut+ 
s,= 
J i=O o_ 
[ 1 -G(t-y)] dF*j(y) 
5 n [ 1 -G(( 1 -a)t-)] 
U” 9 
(1) 
(2) 
(3) 
when n = w-~~tlal~ by (3). 
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ext note that if M is a positive integer and t 2 ‘I 
then 
because 
I 
M-1 t+ 
[ 1 -- F*“(t) = c s [ 1 - F(t--y)] dF*j(y) 
i=Q ()_ 
M-l t+ 
2ZJ 11 
j=O 
- F(t-y)] dE*hy) 
t- 7+ 
M-l t+ 
2 w---F(~)] c J dF*jcyj .
j=O 2-7+ 
Hence 
n-l t+ 
s, = lg s E l--W--~)1 dF”I’oI) 
t-7+ 
n-l t+ 
< zi J dF*qJQ - 
jzfJ 
t-r+ 
< 1 -F*"(t) 
- l-F(r) 
= o(t-1) (t-l-, =) 
when ,vl = [ (1 -e)t/a] , by Lemma 2(b). 
Let 1 < p < 2, and note that (3) implies 
(Similarly, (2) implies ce < - e) By Mark&s inequality, 
1 -G(t--y) S 
P 
(t-YIP' 
and1 so, lettin 
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dF*+y ) 
n-l k t--m+ 
5 Pp c c $ (t-y)-- p dF*qjq 
i==1 r=l t-tr+l)7t 
n-1 
rII,C c 
k F*j(t-m)-.r;*j(t-(r+ 1)~) 
j=l r=l 
i--P rr 
k 1 = 
PP c 
*:’ 
r=l (rr)g j=l 
(F*‘( t-m)--F* j(t-m-r) } 
0 k 1 1 -2pn - L 
1 -F*n (i-e) 
by (4) ? r=! @T)P 1 -F(T) 
00 ! 
ci’ I! 
m 
jl * 
1 _y2 @t) 
2 “p r=l @?)P l-F(7) 
= o(t-l) (t+ 4 
whenn = [(I -e)t/a] = [(l - he) (art)/a], by Lemma 2(b). 
Proof of Theorein. By Lemma i, 
0% 
- $ F*“(t)5 (5) 
2 2 2 n-l 
y [l-q(t)] $+(l-4,)+5[1-G(a)] * c F*j(t). (6) 
I=0 
:Zet y1= [ (1 + e)t,k] in (S), and let yt I= [ (1 --+/a] in (6). Using Lemmas 
2(a) and 3 and the result 
lim $02n(l-q,) = 1 
n+= 
of [ 71 yields 
i 2 
-5 l+e lim inf 2 (l-q(t)) < 
02t 
lim sup z (l-q(t)) 5 
1 
1 - 
from which the theorem follows. 
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